Abstract-An analytic and experimental investigation into gaseous flow with slight rarefaction through long microchannels is undertaken. A two-dimensional (2-D) analysis of the Navier-Stokes equations with a first-order slip-velocity boundary condition demonstrates that both compressibility and rarefied effects are present in long microchannels. By undertaking a perturbation expansion in , the height-to-length ratio of the channel, and using the ideal gas equation of state, it is shown that the zeroth-order analytic solution for the streamwise mass flow corresponds well with the experimental results. Also, the effect of slip upon the pressure distribution is derived, and it is obtained that this slip velocity leads directly to a wall-normal migration of mass. The fabrication of wafer-bonded microchannels that possess well-controlled surface structure is described, and a means for accurately measuring the mass flow through the channels is presented. Index Terms-Fluid flow measurement, microelectromechanical devices, perturbation methods, rarefied gas dynamics.
it surroundings, we believe that the results obtained here can be generalized to more complicated flow fields.
The study of rarefied flow in channels has been investigated frequently by researchers in the rarefied gas community. The work conducted by this community was driven by low-density applications of vacuum and orbital sciences, and a good discussion of the significant contributions through the year 1977 is given by Edwards [6] . Recently, the advancements in micromachining have opened a new area, where the dynamics of rarefied gas behavior become relevant, and previous studies of gaseous flow in microchannels have been conducted by Harley et al. [9] , Arkilic et al. [1] , Pong et al. [15] , Beskok and Karniadakis [2] , and Piekos and Breuer [14] . Also, studies of compressible flow, without the incorporation of rarefied behavior, have been conducted recently by Prud'homme et al. [16] and van den Berg et al. [22] .
The work of Prud'homme et al. [16] is a perturbation solution of the Navier-Stokes equations for radially symmetric geometries with the assumption of no radial pressure gradient. Although the one-dimensional (1-D) model presented in their work does not include rarefaction effects, it does show the significance of gas compressibility on the pressure distribution, i.e., the existence of nonconstant-pressure gradients. The work of van den Berg et al. [22] is also a 1-D perturbation analysis of radially symmetric flow without the incorporation of rarefied effects. This work was undertaken in an attempt to analyze a rigorous method by which one could characterize gaseous viscosity with a capillary flow viscometer. The existence of nonconstant-pressure gradients and contribution of compressibility was shown, and it was demonstrated that a capillary viscometer, based on the 1-D Navier-Stokes equations, gave viscosity results comparable to the accepted values.
Gaseous flow in two-dimensional (2-D) micromachined channels with a Cartesian geometry for various Knudsen numbers was studied by Harley et al. [9] . This investigation included analytic and experimental work on rarefied flow. The model used for rarefied flow assumed negligible wallnormal pressure gradients and was based on the streamwise momentum equation of the Navier-Stokes equations, with the nonlinear terms neglected. The continuity equation was satisfied in an integral form, and the boundary condition for the solution consisted of the first-order correction of the nonzero wall velocity commonly used for slightly rarefied flow. This study demonstrated the existence of nonzero wall velocity in microchannels and showed the contribution of the nonzero slip on the mass-flow pressure-drop relationship. However, the fabricated channels did not possess well-controlled surface structure (the channel was made by the bonding of silicon and glass), and the technique used to characterize the mass flow was susceptible to thermal fluctuations. Previous work of Arkilic et al. [1] on 2-D gaseous microchannel flow showed analytically the effects of wall slip on the pressure gradient and, by analysis and experiment, the mass-flow pressure-drop relationship for channels with uniform surface structure. In this work, nonlinear terms were ignored, and the streamwise and wall-normal momentum as well as the differential continuity equations were satisfied. The previous work of Pong et al. [15] was an experimental investigation into the pressure distribution that exists in microchannel flow. By conducting on-chip pressure measurement of microchannel flow, they have shown empirically that compressibility is an important feature in a microchannel. However, no mass-flow data was reported. In addition to the above analytic and/or experimental investigation, there has also been work on the simulation of rarefied gas behavior of microchannel flow. Beskok and Karniadakis [2] have presented numerical solutions of the Navier-Stokes and energy equations for flows with slight rarefaction, i.e., slip flows, and they have shown that the mass flow within a channel may be increased by both slip and thermal creep effects. Piekos and Breuer [14] have made use of the direct simulation Monte Carlo (DSMC) method for simulations of channels, and, unlike previous analytic and computational investigations, where the results were based on the Navier-Stokes equations, the DSMC approach is valid for the full range of flow regimes (continuum through free molecular). In the slip-flow regime, the results of Piekos and Breuer are in good agreement with the analytic model and experimental data presented here.
The current investigation is differentiated from previous microchannel studies by the increased resolution of the presented mass-flow data and by inclusion of a formal perturbation expansion of the Navier-Stokes equations, which demonstrates the relative significance of the contribution of compressibility and rarefied effects. Other than that of a 2-D isothermal flow, no assumptions regarding the flow profile or distribution of the pressure are made; we obtain a full solution for , , and (the streamwise and wall-normal velocities and the pressure). Furthermore, we compare the results for the streamwise mass flow with high-resolution experimental data and find good agreement.
The structure of this paper is as follows. To begin, we develop a nondimensionalization of the governing equations. A perturbation expansion in , the height-to-length ratio, using the first-order correction of wall slip is then undertaken. From this expansion, the solutions for the streamwise and wallnormal velocity profiles as well as the pressure distribution and mass flow are obtained. We then introduce the channel fabrication sequence and discuss our experimental setup with which we measure the mass flow. Results for helium mass flow are then presented, followed by a brief discussion of our findings.
II. ANALYSIS
We consider a 2-D flow, neglecting variations in the direction. This is valid for channels of high aspect ratio, and it is easy to show that the error is only proportional to the inverse square of the aspect ratio. The geometry for our solution is shown in Fig. 1 , and the full 2-D time-invariant constantviscosity Navier-Stokes equations for a compressible fluid, ignoring body forces, are (in Cartesian coordinates)
The continuity equation is given by (3) while the equation of state for an ideal gas is given by (4) Here, and are the streamwise and wall-normal components of velocity , is the molecular viscosity, is the density, and is the specific gas constant. In the momentum equations, we have assumed a Stokes hypothesis for the second coefficient of viscosity [23] although it will be shown in (15) and (16) that these terms do not enter the analysis to lowest order. We choose a nondimensionalization of the variables in the following manner: velocities ( ) are normalized by the areaaveraged streamwise velocity at the channel exit ( ), 1 the streamwise coordinate by the channel length , the wallnormal coordinate by the channel height , and, lastly, density and pressure by the channel outlet conditions and . A further simplification is that of isothermal flow. This is a good assumption for low Mach number flows ( ) in long uninsulated channels, which is certainly the case for data presented by Harley et al. [9] , Pong et al. [15] , and the data presented here. With these assumptions, the momentum equations can be recast into nondimensional form (5) (6) where is the Reynolds number, which is constant in , evaluated at the outlet conditions and is the outlet Mach number based on (derived using ): all the other terms are nondimensionalized as described above, and the nondimensional form is represented by (˜). We have also used the equation of state for an isothermal flow, which allows 1 An alternative choice with some advantages is a velocity defined from dimensional arguments given by 1pH 2 =L: us to replace density by pressure throughout. Lastly, is the ratio of the channel height to its length (7) and is considered to be small.
The nondimensional continuity equation can be written as
The boundary conditions are that the vertical velocity vanishes at the solid wall and that the streamwise velocity is equal to the slip velocity (9) where represents the streamwise momentum accommodation (10) and is the tangential momentum accommodation coefficient, which is assumed can vary between zero (specular or zero accommodation) and one (full accommodation).
is the Knudsen number or the ratio of the mean-free path of the gas to the characteristic channel dimension . The boundary condition expressed by (9) represents the first-order correction to the Navier-Stokes equations to account for nonequilibrium effects and is commonly used in slightly rarefied flows [17] . Historically, (corresponding to ) has been used for almost all engineering calculations, although values for less than unity have been reported under controlled test conditions [11] , [19] , [20] .
We now expand and in powers of :
and substitute into the equations above. Note, the zeroth-order wall-normal velocity is not included in the expansion because it is clear from (8) that the highest order term that is required to satisfy the differential continuity equation is . Two nondimensional parameters, and , which appear in the equation, control the flow regime, and within the context of the perturbation expansion, they can independently have three values-, , or -leading to nine independent flow regimes. With kinetic gas theory, we can also express the Knudsen number in terms of and (14) and Table I shows these combinations along with their corresponding Knudsen number regimes. Note that the lower diagonal of this "matrix" is characterized by Knudsen numbers of at least , indicating that a continuum-flow theory using the Navier-Stokes equations is not appropriate. The right-most column-for which -represents a flow regime in which there exists a balance between viscous pressure and inertial forces. This is classically known as Fanno flow and is best analyzed by assuming a friction factor to account for viscous losses and solving integral forms of the momentum equations [12] . The remaining flow regimes, characterized by and are regimes that we classify as microflow and are appropriately treated by the current perturbation analysis. Two of these flows have Knudsen numbers of and are strictly not continuum flows. Nevertheless, the analysis is mathematically appropriate although the flow may not be accurately described by the resulting equations.
For ease of argument, we consider and . Thus, , from which we immediately see from the -momentum equation that at (15) Using these results and the fact that the highest order component is , the -momentum equation, at , may be written as (16) This set of equations is similar to what one would obtain for a "normal" channel flow, i.e., one in which variation in the streamwise direction is assumed to be negligible. However, in this model, the streamwise velocity is dependent upon the wall-normal and streamwise direction. This essential difference is due to the fact that the present analysis, unlike a conventional analysis, makes no assumptions about the wallnormal component of velocity or streamwise variation of the pressure gradient.
Utilizing symmetry conditions and the slip-flow boundary condition (9), the -momentum equation (16) can be integrated twice with respect to to obtain (17) where denotes the local Knudsen number (based on channel height) and is the Knudsen number at the channel outlet. Note that the slip at the wall is inversely proportional to , reflecting the dependence that slip has upon the local Knudsen number.
Substituting this into the continuity equation and integrating once in , we can derive an equation for :
(18) Evaluating this at the wall, where the wall-normal velocity must vanish, results in a solvability condition (19) Satisfying this equation will automatically satisfy the boundary condition on at both walls. The solution to this equation is straightforward, and using the fact that at the outlet ( ) and is specified by some inlet pressure ratio at the inlet ( ), we find an expression for the zeroth-order pressure distribution, as shown in (20) Another way to derive the above pressure distribution is to require that and solve for using (17) . The above solutions obtained are correct to zeroth order [ , to ] and indicate a parabolic streamwise velocity profile, which changes slowly down the length of the channel as the pressure drops. The expansion appears to be well ordered, and the next-order equations could be solved to yield higher order corrections to and . However, the accuracy of the high-order terms may be limited by the basic 2-D assumption.
The predicted pressure distribution is shown in Fig. 2 for a long channel with a pressure ratio of 2.7. Three cases are shown: a linear distribution with no rarefaction, one with compressibility and an outlet Knudsen number of zero (no rarefaction), and one with an outlet Knudsen number of 0.059, corresponding to a channel with a height of 1.3 m charged with nitrogen and exhausting to atmospheric conditions. This particular case corresponds to one of the conditions reported by Pong et al. [15] , whose data is also plotted for comparison. There are several features of this figure to draw attention to. One immediately sees that, by including compressibility, the predicted pressure distribution for both Knudsen number regimes is nonlinear, with negative curvature. This nonlinearity is due to the change in density of the gas in the long channel, and one sees that the effect of a moderate Knudsen number is actually to diminish this curvature. The experimental data fits quite well, and the uncertainty in the data reported by Pong et al. [15] exceeds the mismatch between their measurements and the current predictions. We should note that the "second-generation" data reported by Pong et al. [15] does not fit this curve very well, and the discrepancy is an issue still to be resolved.
Having solved for the pressure distribution, we now have a complete expression for the streamwise and normal velocity components and the mass-flow distribution. These are shown in Figs. 3-5. Note that the slip velocity at the wall (Fig. 4) increases markedly toward the exit as the pressure begins to drop faster. To enforce mass continuity, velocity must migrate from the channel centerline toward the wall. This is reflected in the mass-flow contours (Fig. 5) , which show a drift of mass toward the wall as the flow progresses down the channel, and raises the possibility of constructing a simple microscale system for gas separation. It is worth noting that, if , the pressure distribution simplifies (it is still nonlinear due to the change in density along the channel) such that . Therefore, by (18) , when , the wall-normal velocity goes to zero, suggesting that, for the incompressible model presented here, the wall-normal velocity is solely a function of rarefaction.
We can calculate the mass flow through the channel for given inlet and outlet pressures by multiplying the expression for (17) by the density and integrating across the channel and evaluating at . Doing this, the dimensional mass flow is given by (21) where is the (dimensional) outlet pressure and is the channel width. Note that, for a given inlet and outlet pressure condition, the rarefaction acts to increase the observed mass flow and that as the pressure ratio decreases, the effect of slip Fig. 3 . Plot of nondimensional streamwise velocity distributionũo(x;ỹ) in a long microchannel from (17) . The outlet Knudsen number is 0.155, and the pressure ratio is 3. Fig. 4 . Plot of nondimensional wall-normal velocity distribution ṽ 1 (x;ỹ) in a long microchannel from (18) . The outlet Knudsen number is 0.155, and the pressure ratio is 3. becomes a more significant contribution to the total mass flow. Also, as the outlet pressure increases for a given inlet pressure or as the characteristic dimension increases, the rarefaction contribution diminishes. As with a conventional analysis, the mass flow is extremely sensitive to the height of the channel .
The effect of the long channel is seen by taking the ratio of the mass flow predicted by this analysis with (21) to that predicted by a conventional constant-pressure gradient (constant density or short-channel) analysis (denoted by a " " subscript). After some simple manipulations, this is found to be given by (22) indicating that for small pressure ratios, the difference between the two predictions is negligible since the density change along the channel (which is the basis for the difference between the two analyses) is insignificant. However, as the pressure ratio increases, the error associated with the constant-density analysis becomes significant.
The effect of slip is seen most clearly by dividing the slipflow mass-flow solution (21) by the mass flow predicted by the same analysis, but evaluated with . Doing so yields (23) We see that as the pressure ratio approaches one, even for moderate Knudsen numbers, the actual mass flow is enhanced significantly over that which would be predicted from a noslip solution. The above expression is analogous to the result obtained by Harley et al. [9] , however, the present analysis has included the formal contribution of rarefaction to the pressure distribution and also predicts a nonzero wall-normal velocity, which is required to satisfy differential continuity.
III. EXPERIMENTAL RESULTS

A. Channel Fabrication
To study rarefied flow phenomena in microchannels, we felt that it was critical for the top and bottom of our channels to possess identical surface structure; the tangential accommodation coefficient is a function of both gas and surface structure. In order to provide this, we undertake a two-wafer fabrication process: the channel wafer and capping wafer. With the technique described below, we fabricate channels with nominal heights of 1.33 m. The channel widths are nominally 52 m, so the aspect ratio is therefore approximately 39. The lengths of the channels are 7500 m. A schematic representation of the channel is shown in Fig. 6 .
To begin microchannel fabrication, the channel wafer is back-side polished. Subsequent fabrication is described in Fig. 7 . The main feature of this procedure is that the channel is not etched in the silicon of the channel wafer. Instead, an oxide is grown on the channel wafer, and the channel is etched in the oxide. The oxide thickness defines the channel height and is uniform across the wafer.
The oxide is then patterned and etched in buffered HF. After channel etching, silicon nitride, which is used as a mask for subsequent potassium hydroxide (KOH) etching, is deposited on the wafer. The nitride on the back side is then patterned and etched. The back-side ports are etched in a 20% KOH H O solution at 56.5 C for 29 h until the etch stops on the frontside silicon nitride. The final step in processing the channel wafer is a silicon nitride strip in hot phosphoric. The capping wafer is a p-or n-type prime wafer of any resistivity. The two wafers undergo a standard preoxidation wafer clean and are then contacted in a clean room. After contact, the wafers are inspected for voids in an infrared inspection system. The bonding is completed with an anneal in nitrogen at 1000 C for 70 min [18] . This anneal completes the bond and seals the bonded interface. The wafers are then rechecked under the infrared source for voids, and no channels that possess voids are later tested. Prior to the bonding procedure, the geometric characteristics of the channel are determined. The length of the channel is taken to be the nominal length described by the photolithography 10 m. The width is measured optically with a 100 scaled reticule, and the depth is measured using a mechanical stylus profilometer. The profilometer measurements are further verified with interferometric characterization of the oxide. The results are given in Table II . The surface roughness for the channel wafer and capping wafer is measured using a Wyko Corp. noncontact surface profilometer, and the rms surface roughness was found to be 0.65 nm [5] . This is approximately three molecular diameters of helium. 
B. Experimental Setup
The size of the expected mass flows for this study is given by (21) and for a channel with dimensions given in Table II exhausting to the atmosphere (101 kPa), in which helium is flowing at 300 K. Equation (21) demonstrates that the contribution of the wall slip to the mass flow is approximately 10 kg/s or 10 standard cubic centimeters per second (SCCM) for helium, well below the resolution of presently available sensors. Advancements in micromachined flow sensors have occurred such that sensors with adequate resolution have been reported in the literature [4] . However, these sensors have not been fully characterized and also are not yet commercially available. Therefore, in order to conduct this study, a dedicated primary mass-flow measurement system had to be developed.
1) Primary Flow Standards:
Historically, there have been two basic types of high-resolution primary flow standards [13] : both utilize an equation of state of a gas to determine the amount of mass that flows to or from a system, and the techniques are characterized by whether they are constantvolume or constant-pressure techniques. In the case of a constant-pressure technique, the flow from a tank (system) is obtained by driving a piston into a tank; feedback of the pressure within the tank is used to control the rate of advancement of the piston and maintain a constant pressure. The mass flow for an ideal gas for such a system is given by (24) where the subscripts refer to the system properties. By measuring the temperature and piston advancement (change in volume ), while maintaining constant pressure, the mass flow can be measured. This approach is fundamentally straightforward, yet, for the small flows of interest here, the required rate of advancement of the piston is prohibitively small. For instance, suppose that (an assumption that may not be justified) and that the piston has an area of 1 cm . Then, to measure the flows of interest, the rate of advancement of the piston must be below 10 m/s. In addition, this approach requires high-integrity seals on the piston or, as has been suggested, a welded bellows can be used to decrease the volume of the system [13] .
2) Single-Tank Constant-Volume System: For a constantvolume technique, the mass flow for a quasi-steady ideal gas is given by (25) In this approach, as long as the volume of the system is known and the process is quasi-steady, the flow is determined by measuring the pressure and temperature of the gas as a function of time. While this technique is inherently less complicated than that of the constant-pressure approach and therefore more desirable, a direct application of this technique, commonly referred to as a blowdown or accumulation technique (depending on the direction of the flow), is not sufficient for this study.
The pressures for this study are near atmospheric, and the changes in pressure for a 100 cm tank associated with the flows of interest are approximately on the order of a few Pascal over several minutes. To resolve these pressure changes would require an absolute pressure sensor that has at least six decades of resolution. In addition, this approach possesses severe thermal stability requirements 2 : a system with the required flow resolution and a volume of 100 cm operating with helium at a pressure near atmospheric requires a drift in temperature of less than 10 K/s, primarily due to the fact that the pressures of interest are relatively large. If one is measuring comparable flow rates at pressures significantly less than atmospheric, the requirements on the drift of temperature are greatly reduced. As an example, if the system pressure is approximately 1 Pa (8 10 torr), then, the required temperature stability is reduced by five orders of magnitude. Clearly, one way to reduce the thermal sensitivity, while maintaining high pressures, is to reduce the system volume. However, due to the dead volume associated with highresolution pressure sensors, there are practical limitations on how small the system volume can be.
3) Dual-Tank Mass-Flow System: It has been shown that the required temperature stability for the constant-volume primary flow standard at the pressures and flow rates of interest prohibits the direct application of the constant-volume approach. It is currently impossible to assure that the gas temperature within the system is steady to within 10 K/s. To mitigate the extreme thermal sensitivities associated with the constant-volume approach, a two-tank modified constant-volume accumulation technique has been developed. A schematic representation of the two-tank system is shown in Fig. 8 .
In this two-tank approach, instead of measuring the change in absolute pressure as a given tank is charged, the change in differential pressure between two tanks is measured as one tank (flow tank) is charged, and the other tank (reference tank) remains in steady state. The mass flow for such a system is given by (26) where the subscript refers to the gas within the reference tank and the subscript refers to the gas within the flow tank.
If the two tanks are equal in temperature (27) 
where . The sensitivity to thermal fluctuations ( ) of the two-tank approach is reduced by five orders of magnitude over that of the one-tank accumulation approach, i.e., is approximately five orders of magnitude smaller than .
The stipulation of equal temperatures and equal thermal responses in the above analysis implies that the tanks must possess sufficient thermal coupling so that, over the time scale of the experiment, the tanks possess identical thermal histories. Two phenomena have been identified that could result in the invalidation of this stipulation. The first is ambient-induced thermal fluctuations. Because it is impossible to exactly match the thermal masses of both tanks, ambient thermal fluctuations may induce different thermal histories. To mitigate this problem, the tanks are encased in a block of copper, which has a mass of approximately 5 kg, and the entire mass-flow system is placed inside a thermal isolation box (see Fig. 8 ). In addition to the precautions taken to reduce the effects of ambient-induced fluctuations, our experimental procedure allows us to monitor these fluctuations and correct for them (see test procedure below). The second possible confounding phenomena that has been identified are thermodynamically induced fluctuations associated with the fact that the gas within the flow tank has a tendency to heat as gas enters the flow tank. However, because the flow rates are sufficiently small, the tank represents a constant-temperature heat sink, and it is shown in the Appendix that, for flows of interest, the gas within the tank reaches thermal equilibrium with the tank within several seconds. Because each flow test takes approximately 10 min, the process can be assumed to be isothermal, and the stipulation of identical thermal histories is justified.
C. Test Procedure
To conduct flow tests with the modified accumulation technique discussed above, the system and reference tanks as well as the entire line are regulated to the outlet test pressure by opening valves A, B, and C as well as the isolation valve (see Fig. 8) . Valve A is then closed, and the system is allowed to settle for 10 min. The isolation valve is then closed, isolating the reference and flow tanks from one another. The system is allowed to settle for another 10 min before a flow test begins. Each test consists of three 10-min intervals when the differential pressure across the tanks is measured: preflow, flow, and postflow measurements. To begin the test, the differential pressure is recorded for 10 min before the microchannel is pressurized (preflow measurement). Then, flow is initiated through the channel by increasing the inlet pressure of the microchannel to the desired test value by means of the pressure regulator, and the differential pressure is recorded for 10 min (flow measurement). To stop the flow, the inlet pressure is brought back to the tank pressure. After the flow through the channel is stopped, the differential pressure is recorded for another 10 min (postflow measurement). A typical signal for an experiment is shown in Fig. 9 . The signal is calculated from the flow data and is used in (29) to determine the mass flow.
As mentioned above, ambient-induced fluctuations can be corrected for with this three-part test. If the slope of the preflow and postflow signals are nonnegligible compared to the flow signal, then, ambient-induced fluctuations are present and the preflow and postflow signals can be used to correct the flow signal. Typically, the ambient-induced fluctuations are negligible, as shown in the above data, but it is easy to make the correction for ambient-induced fluctuations, and, to be consistent, this correction is made for all of the following results.
In addition to being able to use this three-part test for correction of ambient-induced fluctuations, the test can be used to identify flows in which the thermodynamically induced fluctuations are present. Thermodynamically induced fluctuations appear as distinct differential pressure signals in the postflow measurement alone and occur at inlet pressures greater than 441 kPa. Thermodynamically induced fluctuations have never been witnessed at inlet pressures below 421 kPa for this system, and in all of the subsequently presented results, no data, where thermodynamically induced fluctuations occur, are included.
D. Experimental Data
Results of helium flow are presented below. Table III summarizes the experimental conditions. The validity of the present analysis can be assessed by noting the order of the Mach and Reynolds numbers: we are clearly within the region of applicability for the expansion, and from Table I , it can be seen that the experimental conditions fall within the region of creeping microflow.
The measured mass flow as a function of the inlet-outlet pressure ratio is shown in Fig. 10 and is compared to the expressions given by evaluating (21) with and . The physical constants used for helium are shown in Table IV . The analytic results are plotted with the mean outlet pressure and temperature conditions. The uncertainty bars on the data represent 95% confidence intervals for the measurements. We have also used the model with the definitions presented here for comparison purposes with the small-channel helium data of Harley et al. [9] , and the comparison between the model and their data was equally favorable. However, the disparate flow conditions (pressure ratios: 15, 18, 25, and 31 and mass flows: 1.2, 1.7, 3.0, and 4.3 10 kg/s) of the data make it difficult to incorporate their data here.
E. Comparison with Theory and Discussion
Although the outlet Knudsen number is within the flow regime, usually characterized as transitional flow, the results of the slip model with full tangential momentum accommo- dation seem to fit the data nicely. The surface roughness along the channel was measured to be 0.65 nm or about three helium molecular diameters, and no characterization of the adsorbed gas surface was undertaken. We have been unsuccessful in our search to find published values for the tangential accommodation coefficient for the native oxide surfaces that reside on the upper and lower channel walls. However, we believe that though the channels are molecularly smooth, the unspecified adsorbed gas could account for the apparent complete accommodation. It has been shown previously that the tangential accommodation coefficient is functionally dependent on the surface roughness and surface contamination [21] . For instance, in the case of polished steel, with an rms surface roughness of 0.1 m, it was found that by partially removing the adsorbed gas layer, the tangential momentum accommodation coefficient for helium could be reduced from near unity to 0.823 [10] . However, by partially removing the adsorbed gases, no reduction in the tangential momentum accommodation coefficient could be obtained for steel that was roughened. By analogy, we believe that it may be possible to reduce the surface accommodation for microchannels by proper treatment. A reduction in this coefficient would accentuate the rarefied phenomena discussed here.
In this work, we have focused on 2-D long channels, where the effects of the inlet and outlet could be ignored. However, it should be noted that the existence of nonzero wall velocity also affects the flow profiles that are present in the entrance region of the channel. A primary feature of slip flow within the developing region of the channel is the possible existence of off-centerline maximum streamwise velocities [8] . This could contribute significantly to the dynamics of short channels and may be important for other types of microflows. Another interesting phenomena that may have implications in microflow is the phenomena of preferential backscattering, where the distribution of molecules reflected from the surface is skewed in the upstream direction. This can be explained physically by the fact that, due to the flow, more molecules strike surfaces whose normal is oriented in the upstream direction [7] . Noting this, it may be possible to engineer microsurfaces that have a preferential flow direction, i.e., surfaces whose drag is affected by the direction of flow or whose tangential momentum accommodation coefficient is greater than unity.
IV. CONCLUDING REMARKS
We have demonstrated a model that predicts an increase in the mass flow for given inlet and outlet pressures for microchannel flows that is based on a perturbation expansion of the Navier-Stokes equations with a first-order correction of wall slip. In addition, we have developed low-order expressions for the wall-normal velocity and pressure distribution, which clearly show the contribution of rarefaction effects and predict a transfer of mass from the channel centerline to the channel wall. A simple mass-flow measurement technique, with a resolution several orders of magnitude higher than that which is currently available commercially, has been developed, and we have used it to verify the mass-flow model for microchannels that possess identical surface structure. The technique and associated hardware allow for similar measurements to be made at various outlet pressures, and we are currently undertaking these measurements.
APPENDIX EFFECTS OF THERMODYNAMICALLY INDUCED TEMPERATURE CHANGES
In this Appendix, it will be shown that, for the flows of interest, the steel-flow tank represents a constant-temperature heat sink and that variations in temperature between the gas and tank cannot be maintained. Therefore, the flow is isothermal, and the mass flow given by the time rate of change in differential pressure of the two-tank system and (29) is accurate.
The temperature change due to the gas flow can be conservatively modeled as an isentropic process-doing so will overestimate the change because, for a given system, isentropic expansions represent processes with the largest temperature change. It can be shown that for the flows of interest, the temperature change predicted by this model is
where is the temperature of the gas within the flow tank. A 600-s test will result in an approximately 10 K change in temperature of the flow gas. For such temperature variations of the gas, it can be shown that the tank represents a constanttemperature heat sink. If the initial gas temperature ( ) is derived from the isentropic process given above, then, based on energy conservation, the final gas and tank temperature ( ) can be modeled. The ratio of initial tank temperature ( ) to the final tank temperature is given by (31) where (32) is the mass of the gas inside the tank, which, for the purposes of this comparison, is assumed constant, is the constant-volume specific heat of the gas, is the mass of the tank, and is the specific heat of the tank material. As long as the initial gas temperature due to the change of state is comparable to the initial tank temperature (33) the final tank/gas temperature will be essentially unchanged from the initial tank temperature. Based on the isentropic model, which estimates a change of approximately 10 K, the ratio of initial gas temperature to initial tank temperature is given by (34) Clearly, the tank represents a constant-temperature heat sink to the gas within and . If the tank represents an infinite heat sink at constant temperature to the gas, then, the time it takes for the gas to reach equilibrium with the tank can be modeled. The governing equation for conduction in an axially symmetric body is [3] (35) where is the thermal diffusivity and is the radial coordinate of the gas system. For the case of a gas bounded by a constanttemperature tank and an initial condition that the gas within the tank has some uniform temperature , this equation can be analytically solved and the solution is given by [3] (36) where are the positive roots of , is the Bessel function of the first kind of order zero, is the Bessel function of the first kind of order one, is the thermal diffusivity of helium, and is the inside radius of the tank. For large times, the expression is dominated by the first term of the series and evaluating this expression at leads to (37) m /s for helium and cm, therefore, characteristic time constant for this expression is approximately 0.25 s.
For a 600-s test run, the change in temperature of the gas is conservatively estimated at 10 K, for which the tank represents a constant-temperature heat sink. The time that it takes for the gas within the tank to reach equilibrium with the tank, assumed equal to , is approximately 2 s. This suggests, that on the time scale of the experiment (600 s), the thermodynamic process that the flowing gas undergoes is isothermal with the tank.
